Introduction
For positive integers k and N , let M k (N ) be the space of all modular forms of weight k with respect to the congruence subgroup Γ 0 (N ) = {( a b c d ) ∈ SL 2 (Z) | c ∈ N Z}, and S k (N ) be the space of all cuspforms in M k (N ). We denote by S 0 k (N ) the subspace of S k (N ) consisting of all newforms (cf. [3, p162] ), and P k (N ) the set of all primitive forms (cf. [3, p164] ) in S 0 k (N ). The purpose of this paper is to represent P k (N ) in terms of some Eisenstein series, for N = 1, 2, 3, 4, 6, 8, 9.
We put P(N ) the set of all prime divisors of N , and N × = p∈P(N ), p 2 ∤N p. For each divisor i of N × , we define
where a l (f ) is the l-th Fourier coefficient of f and κ = k 2 − 1. Note that for each f ∈ P k (N ) and p ∈ P(N ),
(cf. Miyake [6, Theorem 4.6 .17]). We can calculate a l ( P k (N ; i)), for each l ≥ 1, by my results [4] . We consider the twist f ⊗ ρ = n ρ(n)a n (f )q n for a Dirichlet character ρ mod N , and define
where S = max{n | N ∈ n 2 Z}, and P 0 k (N ) = P k (N ) \ P 1 k (N ). Then, we see P 1 k (N ) = ∅ for N = 1, 2, 3, 4, 6, 8, and P 1 k (9) = {f ⊗ ρ 3 | f ∈ P k (1) ∪ P k (3)} ⊂ P k (9), where ρ 3 is the non-trivial Dirichlet character mod 3 (cf. [1, Thorem 3.1 and Corollaly 3.1]). We note that each f ∈ P 0 k (9) has CM by ρ 3 . We remark P 0 k (16) = ∅ for example, see also [6] .
The graded ring M(N ) = k M k (N ) is studied in [5] . We use the results of the 
first primitive forms
For n ≥ 0, we write down the following formulas (cf. [4, Example 4, 20, 21] ):
k #P k (1) #P k (3; 1) #P k (3; 3) #P k (4) #P 0 k (9) 2 + 12n −ι + n ι + n n n 2n 4 + 12n n n n n 1 + 2n 6 + 12n n 1 + n n 1 + n 2n 8 + 12n n n 1 + n n 2 + 2n 10 + 12n
2) #P k (6; 1) #P k (6; 2) #P k (6; 3) #P k (6; 6) 2 + 24n ι + n n −ι + n n n n 4 + 24n n n n n n 1 + n 6 + 24n n n n n 1 + n n 8 + 24n n 1 + n 1 + n n n n 10 + 24n 1 + n n n 1 + n n n 12 + 24n n n 1 + n 1 + n n 1 + n 14 + 24n 1 + n 1 + n n n 1 + n n 16 + 24n
Let B k be the k-th Bernoulli number and
Then we see E k ∈ M k (1) for k ≥ 4 and
where f (h) (q) = f (q h ), and
Moreover, put
3 ),
For a graded ring R = ∞ k=0 R k and n 1 , · · · , n r > 0, we define
to be a ring R[X 1 , · · · , X m ] graded as X i ∈ S ni . Also for a graded-ring R, we define a graded-ring
We put
Theorem 2. We get
Proof. For example, the first assertion follows from
Theorem 3. We get
Proof. We see
, and we get the first assertion, for example.
Further primitive forms
At first, for f ∈ P k (N ) and a prime number p ∤ N , note
(cf. [3, Lemma 4.5.7(2) and (4.5.27)]), thus
Moreover, if (l, m) = 1, then we see
Proof. The first two assertions follow from
The last two assertions follow from
Proof. We show the assertion for P 24 : Note S 24 (1) = ∆ 1 (CE
we get P 8;2 = {1}, P 10;1 = {C 2 },
2 )},
Proof. The assertion for P 26;1 follows from f +g 2 P 26 (2; 1) = {f, g}
4 /C 3 , we get P 6;1 = {1}, 
Proof. The assertion for P 14;1 follows from f +g 2
Proposition 8.
where
Proof. The assertion for P 18 (4) follows from f +g 2
1 }.
3 ) and
2 ) = F 3 F
3 ,
2 )
2 ), we get P 4;6 = {1}, P 6;3 = {C},
3 )},
)},
Proof. The assertion for P 24;1 follows from 
Lemma 10. Let p be a prime such that p ∤ N . If
Proof. For the first assertion, set a i = a p (f i ) and
, then we see Proposition 11. With P k = P k (8)/∆ 8 , d = 2 6 ∆ 2 and G = C 2 2 − 128α 2 , we get P 4 = {1} (2) , Proof. We show the asserion for P 18 : First, note that #P 18 = 4. We put K 1 = Q( · (X and thus f ∈ P i =⇒ a 5 (f ) ∈ K i . Similar results are held for a 7 (f ), a 11 (f ), a 13 (f ). We see Similarly, we may decide on P 2 .
Proposition 12. With 9 , we get P 4;0 = {1}, P 10;0 = {E 6 } (3) , P 16;0 = {E 3
